Phase-shifting profilometry requires projection of sinusoidal fringes on a 3D object. We analyze the visibility and frequency content of fringes created by a sinusoidal phase grating at coherent illumination. We derive an expression for the intensity of fringes in the Fresnel zone and measure their visibility and frequency content for a grating that has been interferometrically recorded on a holographic plate. Both evaluation of the systematic errors due to the presence of higher harmonics by simulation of a profilometric measurement and measurement of 3D coordinates of test objects confirm the good performance of the sinusoidal phase grating as a projective element. In addition, we prove theoretically that in comparison with a sinusoidal amplitude grating this grating produces better quality of fringes in the near-infrared region. Sinusoidal phase gratings are fabricated easily, and their implementation in fringe projection profilometry facilitates construction of portable, small size, and low-cost devices.
Introduction
Projection of a light pattern with a regular structure is a highly sensitive noncontact technique for measuring the three-dimensional (3D) shape of an object [1, 2] . The shape information is encoded in the deformed light pattern that is reflected by the object and captured with a CCD camera. Decoding is performed by appropriate algorithms provided the positions of the camera, the projector, and the object are known. Nowadays, many areas of human activity such as machine vision, computer-aided design, manufacturing, engineering, virtual reality, cultural heritage protection, and medical diagnostics benefit from pattern projection profilometry in its various modifications.
An attractive approach among structured light methods is phase-measuring profilometry [3, 4] , or fringe projection profilometry, in which the parameter being measured is encoded in the phase of a two-dimensional (2D) fringe pattern described by a periodic function f ½…, f ∈ ½−1; 1. In general, most of the existing algorithms for phase retrieval presume a unidirectional sinusoidal profile of fringes, which is equivalent to introduction of a spatial carrier into the projected pattern. A popular method for phase demodulation due to its pointwise performance, large dynamic range, and high spatial resolution and accuracy is the phase-shifting technique based on sinusoidal fringe projection of at least three patterns that have undergone equal (conventional case [5, 6] ) or arbitrary (generalized case [7, 8] ) phase shifts with respect to one another. The phase-shifting algorithm is inherently free of errors only at perfect sinusoidal fringe projection. Violation of the assumption f ½… ∝ cosð…Þ leads to systematic errors in the evaluated phase and in the reconstructed shape of the object [9] [10] [11] .
Projection of purely sinusoidal fringes is not an easy task. High-contrast sinusoidal fringes can be produced by interference of two enlarged and collimated light beams, thus making possible large-depth and large-angle measurements [12] [13] [14] . Interferometric systems, however, are complex and prone to environmental influence, which restricts their outdoor usage. Better stability is achieved in profilometric devices based on gratings or spatial light modulators but at the expense of higher harmonics in the projected pattern [14] [15] [16] [17] [18] . Systems with one, dual-frequency, and multifrequency amplitude or phase grating projection at incoherent or coherent illumination have been reported [17, 18] . Different approaches have been tested to ensure good sinusoidality of fringes in grating systems. A method that has quickly gained popularity is defocusing projection of a Ronchi grating. The analysis in [16] proves that a phase-shifting algorithm with an odd number of steps and a proper choice of the degree of defocusing may diminish phase errors to less than 0:005 rad. The easy production of a binary Ronchi grating, e.g., using computer-controlled LCD projectors or digital micromirror devices is an additional advantage of this method. Recently, a special area modulation grating for sinusoidal structure illumination was proposed and tested in [19] . A programmable spatial light modulator for digital fringe projection offers flexibility in choosing a fringe profile and spacing as well as an option for fast and accurate phase shifting [20, 21] . The drawbacks are that these systems are comparatively expensive and suffer from luminance nonlinearity and higher harmonic content of the fringes. Suppression of higher harmonics both in gratings and in computergenerated fringes can be done at the stage of digital processing by specially designed error-compensating algorithms that have been developed over the years to overcome the systematic errors caused by nonlinearity of phase shifters, projecting and recording devices, and the presence of higher harmonics. These rather elaborate algorithms often show a controversial behavior: the more efficient they are in suppressing the systematic error, the more vulnerable they may become to random error sources [9, 22] . Some more flexible techniques for suppression of higher harmonics have been recently developed such as, for example, a signal subspace method [23] or gradientbased shift estimation method [24] at the expense, however, of additional computational burden. Obviously, the best way to benefit from the high accuracy of the phase-shifting fringe projection profilometry is to ensure high quality of the projected fringes. In addition, as stated in [25] , a good phasemeasuring profilometric system should provide good contrast of fringes in a large depth range, and it should be built from a small number of low-cost components to ensure its portability and reliability.
The above-listed requirements are in line with the goal of this paper, which is to check the quality of fringes produced by a sinusoidal phase grating (SPG) at coherent illumination in the Fresnel zone from the point of view of phase-shifting fringe projection profilometry. As is well known, a monochromatic planewave illumination of a periodic structure (grating) creates its exact replicas at equally spaced Talbot planes, which are located at 2nL 2 =λ from it, where L is the grating spacing (pitch), λ is the light wavelength, and n is an integer, as well as many other images at distances 2nL 2 =mλ from the grating, where m is an integer. Divergent illumination produces a magnified replica of the grating in Talbot planes [26, 27] , which in this case are located at increasing distance from it. Due to its potential to be used for imaging, beam manipulation, and metrology, the Talbot effect evokes constant research interest [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Fourier optics and multiple-slit diffraction have been applied to predict positions of integer and noninteger Talbot planes [33] ; the Talbot effect in the deep Fresnel region was investigated in [34] . The Talbot effect for beams of an arbitrary wavefront and a Gaussian beam in particular for Ronchi and binary phase gratings was studied in [32] by using a Fresnel diffraction integral. Variation of the fringe contrast for some types of grating as a periodic function of the distance was studied in [34] . A phase-only diffraction grating used for creation of Talbot array illuminators was described in [35] . In [36] 3D Talbot-effect-based profilometry is realized using wavelength scanning to shift continuously the Talbot self-image of a grating in the longitudinal direction. Especially interesting for the study in this paper is utilization of Talbot self-imaging under coherent divergent illumination of a sinusoidal amplitude grating (SAG) for profilometry of 3D diffuse objects, as described in [28] .
The paper is organized as follows: Subsection 2.A presents an expression for the intensity of fringes created by a SPG in the Fresnel zone and considers their visibility and frequency content; Subsection 2.B compares the quality of fringes created both by a SPG and a SAG at different wavelengths. In Section 3 a profilometric measurement is simulated with a SPG as a projective element, and the systematic errors due to the presence of higher harmonics are evaluated. Section 4 gives the experimental results of test measurements of relative 3D coordinates by means of a fringe projection system with a SPG that has been interferometrically recorded on a holographic plate.
Fresnel Diffraction Pattern

A. Solution of the Diffraction Integral
A thin SPG located in the (x,y) plane with grating lines parallel to the y axis is characterized with transmittance [40] τðx;
where m is the modulation parameter, L is the grating period along the x axis, and J q is a Bessel function of the first kind, order q. For convenience, we will consider the problem as 2D; its generalization to the 3D case is straightforward. The complex amplitude Uðx; zÞ of the light field created by the grating can be found using the transfer function approach [40] with the Fresnel diffraction transfer function or the Fresnel diffraction integral:
where Uðx 0 ; 0Þ is the complex amplitude of the light field in the plane immediately to the right of the grating at z ¼ 0, x 0 is the x coordinate in this plane, and k ¼ 2π=λ. If a grating is illuminated by a monochromatic point source at distance d in front of it, the field Uðx 0 ; 0Þ in the paraxial approximation of the spherical wave is given by
where A 0 is a constant amplitude. Substituting Eqs. (2) and (3) into Eq.(1) leads to
where
Hence, the intensity of the diffraction pattern is given by 
The term in the square brackets in Eq. (5) can be written as follows:
where we have introduced the notations
Keeping in mind that J −q ¼ ð−1Þ q J q , we obtain
In general, the intensity distribution Iðx; zÞ given by Eq. (9) is not sinusoidal. We see that Iðx; zÞ consists of sinusoidal terms that are responsible for the periodicity of the created diffraction pattern along the x and z axes. The contribution of the nonsinusoidal term Θðx; zÞ along the x and z axes depends on the grating parameters (spacing, L, and the modulation parameter, m), as well as on the illumination conditions (wavelength, λ, and source location, d).
At illumination with a unit-amplitude normally incident plane wave we have d → ∞. In this case the Fresnel diffraction pattern is a periodic structure along the x and z axes that consists of alternating zones with a phase-reversed contrast. The spatial period of the first harmonic along the x axis depends only on L. The spatial period of the first harmonic along z axis depends on all three parameters: L, λ, and m. The alternating zones with a phase-reversed contrast along the z axis are located between the planes that corresponds to
The planes located at z n and z 0 n are Talbot planes that contain a "perfect" grating image with uniform intensity distribution equal to unity. The length of the zone along the z axis with a phase-constant contrast of fringes for the first harmonic is equal to z 0 n − z n ¼ L 2 =λ, for the second harmonic to L 2 =2λ as well as for the qth harmonic to L 2 =qλ. This means that the second harmonic is eliminated in the planes parallel to the grating and located at
but the amplitude of the third harmonic is maximal in these planes. For illustration, Fig. 1(a) depicts the Fresnel intensity distribution of the light transmitted by a SPG with L ¼ 0:025 cm and m ¼ 0:2 as a function of the distance, z, for λ ¼ 660 nm. Two zones of a phase-reversed contrast are shown. The frequency content of the fringe pattern as a function of z is presented in Fig. 1(b) .
As should be expected, the modulation parameter m has a strong influence on the harmonic content of the diffraction pattern. The first-order harmonic dominates at all values of m. The degrading effect of higher-order harmonics becomes unacceptable at m greater than 0.3. The zones that are close to z ¼ z 00 n , n ¼ 1; 2; … appear to be optimal for pattern projection because, at least theoretically, the energy in the first harmonic reaches maximum for m up to 0.6-0.8 at z ¼ z 00 n , whereas the second harmonic is missing in these planes. The location of these optimal planes along the z axis varies with the wavelength.
The rapidly varying contrast of the fringes due to the Talbot effect makes impossible profilometry of large-scale objects at plane-wave illumination. Indeed, the distance between the Talbot planes in this case is of the order of several centimeters [41] . To increase the spatial zone of equal contrast, the grating should be illuminated by a divergent beam. If a grating is illuminated by a monochromatic point source at distance d from it, a magnified image of the grating is formed at planes located at [28] 
with a spatial period ML, where MðzÞ ¼ 1 þ z=d is the magnification factor and n is an integer. So, by a proper choice of the distance d, the number of Talbot planes can be reduced to one. With increasing λ, the location of this single plane moves closer to the grating. This is clearly seen in Fig. 2 , which depicts variation of the fringe visibility with distance for d ¼ 12 cm and a SPG with L ¼ 0:025 cm and m ¼ 0:2 at different wavelengths. The visibility is calculated from [28] VðzÞ ¼ Ið0; zÞ − I½L=2MðzÞ; z Ið0; zÞ þ I½L=2MðzÞ; z :
The property of the SPG to create high-quality contrast fringes in a large region along the z axis at divergent illumination is illustrated in Fig. 3 , which shows the diffraction pattern and the spectral content of the fringes at z ¼ 1 m from the grating when the light source is positioned at d ¼ 12 cm in front of the grating. Since the spread of the pattern along the x axis is kept the same with z, the energy content of the fringes in Fig. 3 is gradually decreasing with z. The wavelength is 830 nm. At this wavelength and for the chosen grating parameters the first harmonic dominates everywhere for the considered range of distances. More than that, the contribution of the second harmonic is in practice negligible. The height of the peak of the first harmonic along z is a sum of a constant background and an oscillating term whose period increases with the distance from the grating.
B. Comparison with a Sinusoidal Amplitude Grating
It is interesting to compare the fringes created by the SPG in the Fresnel zone with the fringes of a SAG with transmission [28] ,
where A 0 and A 1 are constant amplitudes. The intensity of the diffraction pattern in the Fresnel zone at illumination with a point source located at distance d in front of the SAG is given by [42] 
As follows from the above expression, the ratio η between the energy concentrated in the second and first harmonics varies strongly with z. At given values of L, d, and λ there exist regions along the z axis with a dominating second harmonic. From the condition
we obtain the distance z mf h at which the first harmonic is missing. For the z values in the vicinity of a given z mf h value the ratio η substantially increases. This means that the regions close to a given z mf h should be strictly avoided. As seen from with L ¼ 0:025 cm and m ¼ 0:25 cm (Fig. 2) . To compare the spectral quality of fringes that have been created by the SPG and SAG with the same visibility in the near-infrared region, we evaluate the ratio η for both gratings at distances varying from z ¼ 0:5 m to z ¼ 1 m. The spacing of both gratings is L ¼ 0:025 cm; for the SPG we have m ¼ 0:2, whereas for the SAG the condition A 0 ¼ 4A 1 is fulfilled. The location of the point source in front of each grating is chosen to ensure the optimal fringes, i.e., fringes with the least possible contribution of the second harmonic. The evaluation results shown in Fig. 6 for two wavelengths confirm the much better performance of the SPG in the near-infrared region.
Simulation
To evaluate the systematic errors of a 3D surface reconstruction due to the presence of higher harmonic content in the SPG created fringes we simulated a profilometric measurement of a dome in the case of a conventional cross-axes optical arrangement of the profilometric system [1] . In this arrangement, a light projector that consists of a point light source and a SPG creates a regular fringe pattern on the object, Iðx; yÞ ¼ I 0 ðx; yÞ þ I V ðx; yÞf ½φðx; yÞ þ ϕ;
where φðx; yÞ is the phase term related to the measured parameter and ϕ is an additional phase term introduced during the formation of the waveform f . The object reflects the deformed light pattern when observed at another angle. Analysis of the deformed image captured with a CCD camera at normal viewing direction to a certain reference plane R connects the phase difference Δφ ¼ φ − φ R at the camera pixel with coordinates (x ¼ iΔx, y ¼ jΔy, i ¼ 1; …N x , j ¼ 1; …N y ) to the depth (or height) h of the current point of the object surface by the expression [1] hðx; yÞ
where Δx, Δy give the sampling steps along x and y in the recording plane, respectively; N x , N y are the number of samples along both axes; φ R ðx; yÞ is the phase distribution corresponding to the reference plane; l c , l p are the distances from the centers of the exit pupils of the projector and the camera to the origin of the coordinate system on R, respectively; and θ is the angle between the axes of the projection and recording optical systems that lie in the same plane. The simulation includes registration of two sets of N fringe patterns with and without the object at the following system parameters: The dome parameters in all simulated experiments are as follows: the dome is cut from a sphere with a radius of 145 pixels, and the dome height at the center with respect to the reference plane is 55 pixels. In this way the dome occupies the same area within the "recorded" fringe pattern at different distances of the object from the grating. Since the goal of the simulation is to estimate the influence of higher harmonics on the accuracy of reconstruction of a 3D surface, it is performed without any noise sources. The reconstruction of the 3D surface included the following steps:
i. Simulation of projection and recording of fringe patterns; the recorded intensities I i ðx; yÞ were simulated using Eq. (9), in which the terms up to q ¼ 4 were kept; the variation of the fringe profile with z on the surface of the object was also taken into account.
ii. Calculation of the wrapped phase maps,φðx; yÞ andφ R ðx; yÞ, for the object and the reference plane by using a four-step algorithm (N ¼ 4), φðx; yÞ ¼ arctan I 4 ðx; yÞ − I 2 ðx; yÞ I 1 ðx; yÞ − I 3 ðx; yÞ ; ð19Þ or a five-step algorithm (N ¼ 5), iii. Unwrapping by a quality-guided algorithm [43] of both phase maps.
iv. Calculation of the phase difference Δφ 1 φ −φ R .
v. Calculation of the 3D surfaceĥðx; yÞ using Eq, (18) and evaluation of the reconstruction error hðx; yÞ − hðx; yÞ, where hðx; yÞ describes the real surface. Figure 7 illustrates the above-listed steps depicting the gray scale 8 bit maps of b φðx; yÞ,φ R ðx; yÞ, hðx; yÞ, andĥðx; yÞ − hðx; yÞ. As can be seen, the reconstruction error, which has a systematic nature, is regularly distributed within the dome area taking positive and negative values. To estimate effectively the magnitude of this error, we found the maximum positive value, ε þ i , i ¼ 1; …256, and the maximum negative value, ε − i , i ¼ 1; 2; …256, of the differencê hðx; yÞ − hðx; yÞ in each row of the simulated 256 × 256 fringe pattern and calculated the maximum spread of the reconstruction error in a row as Figure 8 gives an example of the performed calculations. We see that the quantities ε þ i , ε − i exhibit more or less constant behavior within the dome area. This means that we could use the average value ε of ε i to characterize the accuracy of reconstruction; averaging is performed over all rows within the dome area. The parameter ε gives on average the maximum possible difference between the positive and negative deviations of the reconstructed 3D surface from the real one. The reconstruction error outside the dome area is zero in the absence of noise. Figure 9 presents the results from the simulation at three distances from the Fig. 7 . Grey scale 8 bit maps of (top) wrapped phase distributionŝ φðx; yÞ andφ R ðx; yÞ corresponding to the object (left) and the reference plane (right); (bottom) reconstructed dome surfaceĥðx; yÞ (left) and distribution of the reconstruction errorĥðx; yÞ − hðx; yÞ (right); SPG for the four-step algorithm (19) . The systematic reconstruction errors obtained with the five-step algorithm are practically the same. The value of ε in micrometers is given as a function of the illumination angle θ. As it should be expected, registration of the deformed fringe pattern at a larger angle improves the measurement accuracy, but thus the shadowed area of the object also increases. We see that by a proper choice of all parameters of the profilometric system, the systematic error in reconstruction of a 3D surface can be made negligibly small (less than 20 μm between the maximum elevation and depression on the reconstructed surface with respect to the real one).
Experimental Check
To evaluate the visibility and the frequency content of the fringes created by the SPG, we performed test measurements at λ ¼ 660 nm and 830 nm using the optical arrangement in Fig. 10 (top) . The divergent light beam (expanded by the lens L 1 ) from the diode laser DL illuminates the grating SPG. The distance between the light source and the grating remained fixed. We recorded the fringe patterns projected onto the ground glass screen, GGS, at varying distance z (as indicated in Fig. 10, top) for two different positions of the projector lens L 2 with respect to the grating. The phase grating was recorded on a highresolution silver halide holographic plate HP-650, laboratory production of CLOSPI-BAS (Bulgaria) by using an interferometric optical arrangement with a He-Ne laser (λ ¼ 632:8 nm, 30 mW). An interference pattern was generated using adjustable Michelson interferometer that provided equidistant sinusoidal fringes whose period could vary in broad limits. The chemical processing of the holographic plates was realized with a fixing developer, which ensured formation of colloidal silver grains, i.e., practically phase recording, low level of noise, and high diffraction efficiency up to 70% in the near-infrared region. The required modulation of the recorded interference patterns was achieved by proper selection of exposures to fall into the dynamic range 0:5-1:5 mJ=cm 2 . Figure 11 depicts the visibility of fringes as a function of the distance from the SPG for the two positions of the lens L 2 with respect to the grating, characterized by the distance d Ã . We see that starting from some distance away from the Talbot plane, the fringes created by the SPG are characterized with a good constant visibility. Figure 12 presents the spectral content of the experimental fringes created by a SPG with L = 0.025 cm at illumination with 660 and 830 nm. The contribution of the second harmonic is much less in comparison to the first harmonic. The result of the profilometric measurement is given in Figs. 13 and 14 . A five-step algorithm was used for phase retrieval. To remove the speckle noise from the recorded fringe patterns, we adopted a signaldependent multiplicative noise model and applied a homomorphic transformation combined with a local linear minimum mean-square error estimator [44] . Figure 13 depicts the reconstructed 3D surface of a test object (a dome). Figure 14 gives a cross section of this reconstruction through the dome apex along the diameter subtended by the dome circle. The reconstructed profile is compared to the profile measured with a stylus. The standard deviation of the differenceĥðx; yÞ − hðx; yÞ between the reconstructed and real profile was evaluated to be 81 μm, which corresponds to less than 1% relative error at the dome apex. The standard deviation was estimated using two measurements with the stylus, each of them yielding 27 points. The maximum absolute value of hðx; yÞ − hðx; yÞ is about 330 μm.
Conclusion
In conclusion, the analysis made by solution of the Fresnel diffraction integral confirms that the sinusoidal phase grating can serve as a projection element in a profilometric system. The obtained solution permits calculation of the grating diffraction pattern at plane-wave and divergent illumination. A proper choice of grating parameters at divergent illumination ensures practically sinusoidal fringes of constant contrast in a large spatial region. The simulation of the profilometric measurement made with the chosen parameters yields systematic errors of the 3D reconstruction that can be neglected. The usage of the sinusoidal phase grating is especially profitable in the near-infrared region where it outperforms the sinusoidal amplitude grating by the degree of suppression of higher harmonics. In the near infrared, the sinusoidal phase grating ensures practically constant spectral content and visibility of fringes at large distances from the grating, thus making measurement of deep scenes possible in a large dynamic range. Using near-infrared wavelengths for measurement of the 3D coordinates is advantageous for several reasons [45] . First, high-power low-cost diode lasers are available in practically the whole near-infrared region. Second, especially for a grating recorded on silver halide holographic plates and developed to form nano-sized colloidal silver grains, absorption strongly decreases in the near infrared, and hence diffraction efficiency becomes almost twice as high in comparison to the visible region. Third, measurement of coordinates or displacement could be combined with simultaneous acquisition of the color Fig. 13 . Reconstructed 3D surface of a dome (the five-step algorithm has been used for phase retrieval). coordinates of the object in the visible spectral range. The experimental results obtained for the fringe contrast are consistent with the theoretical conclusions. The profilometric measurement performed with a dome as a test object shows the high accuracy of the 3D reconstruction. The sinusoidal phase grating is easy to fabricate, and its implementation in fringe projection profilometry makes possible construction of portable low-cost devices. This work is supported by the European Commission within the Sixth Framework Programme (FP6) under grant 511568. Data processing was partially supported by VSSoft Co.
